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Abstract
Themain theorem is that ifG is a Polish group with a comeagre conjugacy class, andG acts without
inversions on some tree T, then for every g ∈ G there is a vertex of T ﬁxed by g. In particular, such
a group cannot be written non-trivially as a free product with amalgamation. The same conclusion
holds ifG is the automorphism group of an-categorical structure and some open subgroup ofG has
a comeagre conjugacy class.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
Acountably inﬁnite ﬁrst-order relational structure is homogeneous (in the sense of Fraïssé
[4,5]) if any isomorphism between ﬁnite substructures extends to an automorphism of the
structure. Formany homogeneous relational structures, the automorphismgroup has a single
conjugacy class which is comeagre in the topology of pointwise convergence. The purpose
of this note is to show that such automorphism groups, and some others, cannot be written
in a non-trivial way as a free product with amalgamation.
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If = {i : i ∈ N} then the symmetric group S := Sym() carries a natural metric d:
if g, h ∈ S are distinct then d(g, h)= 1/2n where n is least such that either ng = nh or
ng−1 = nh−1. The resulting topology makes S into a topological group, and a basis of
open neighbourhoods of 1 in S is provided by pointwise stabilisers of ﬁnite sets.A subgroup
of S is closed precisely if it is the full automorphism group of some ﬁrst-order structure on
. In particular, automorphism groups of countably inﬁnite structures are Polish groups;
that is, complete separable metric spaces whose underlying topology makes the group into
a topological group.
Recall that a comeagre subset of a complete metric space X is any subset containing a
countable intersection of dense open subsets of X. By the Baire Category Theorem, any
comeagre subset of X is non-empty, and indeed dense in X. If G is a Polish group, then
an element g ∈ G is generic if its conjugacy class gG is comeagre in G. This notion was
introduced for closed permutation groups by Truss [19]. As comeagre sets must have non-
trivial intersection, any two generic elements are conjugate. Throughout this paper, by a
treewemean a connected loopless undirected graph with no cycles.A groupG is said to act
without inversions on a tree T ifGAut(T ) (as an abstract group, i.e. not as a permutation
group or topological group) and for every g ∈ G, there do not exist adjacent vertices a, b
of T such that ag = b and bg = a. We can now state the main theorem.
Theorem 1.1. Let G be a Polish group with a comeagre conjugacy class C. Suppose that
G acts without inversions on a tree T . Then for every g ∈ G there is a vertex v ∈ T such
that vg = v.
Ivanov [13] has shown us an alternative proof of this theorem, coming out of recent work
on non-nesting actions of Polish groups on R-trees.
We shall say that a free product with amalgamationG=G1 ∗A G2 is trivial if one of the
Gi equals G. The following result was proved in the special case of the symmetric group
of countable degree (which has generics, by Truss [19]) in [17].
Corollary 1.2. Let G be a Polish group with a comeagre conjugacy class. Then G cannot
be written non-trivially as a free product with amalgamation.
Proof. If G = G1 ∗ A G2 is a non-trivial free product with amalgamation, then G acts
without inversions on a tree T so that vertex stabilisers are conjugates of the Gi (Theorem
7 of [18]). By, e.g., Theorem 4.6 of [15], the conjugates of the Gi do not cover G. 
We use the following notation. If T is a tree, then a line of T is a set of vertices {ai : i ∈ Z}
such that ai+1 = ai−1 for all i ∈ Z and ai, aj are adjacent if and only if |i − j | = 1. We
denote such a line by (ai : i ∈ Z). A half-line is a subset of a line of the form (ai :
i ∈ ), and an end is an equivalence class of half-lines (under the equivalence relation
of having inﬁnite intersection). We will refer to the end of a half-line, or the two ends
of a line. If a, b are vertices of T then d(a, b) is the least r such that there is a sequence
of vertices a0 = a, a1, . . . , ar = b with ai joined to ai+1 for each i < r . If A,B are sets
of vertices, then d(A,B) = Min{d(a, b) : a ∈ A, b ∈ B} (so d(A,B) = 0 precisely
if A ∩ B = ∅).
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For more on homogeneous and -categorical structures see [1] or [10]. For background
on group actions on trees we recommend [18]. In particular, recall the following result of
Tits (Proposition 24 of [18]).
Proposition 1.3. Suppose that G acts without inversion on a tree T and g ∈ G has no
ﬁxed points. Then there is a unique line = {ai : i ∈ Z} ﬁxed by g, and there is a positive
integer t such that for all i ∈ Z, aig = ai+t .
2. Proof of the theorem
Proof of Theorem 1.1. We urge the reader when reading this proof to draw diagrams.
Observe ﬁrst that a Polish group cannot have a proper comeagre subgroup, as its cosets
will be comeagre and disjoint. Hence any comeagre subset of a Polish group generates the
group. Next, if N is a proper normal subgroup of G, then |G : N | = 2ℵ0 . For if N contains
a generic, then by normality it contains every generic, so is comeagre and equals G. Hence
N has no generic, so is meagre, so has index 2ℵ0 by Theorem 4.1 of [11]. It follows in
particular that G has no inﬁnite cyclic homomorphic image. Also note that as inversion is
a homeomorphism, C−1 := {g−1 : g ∈ C} is a comeage conjugacy class, so equals C.
Suppose that the theorem is false. Then G acts without inversion on a tree T in such a
way that (i) some elements of G are ﬁxed-point-free, and (ii) no line is G-invariant (for
otherwise there would be an epimorphism G → Z). For any g ∈ G, let Sg := {h ∈ C :
∃k ∈ C(g = hk)}.
Claim 1. For all g ∈ G, Sg = C ∩ gC, so Sg is comeagre in G and hence 〈Sg〉 =G.
Proof. We have
h∈C∩gC↔h ∈ C ∧ ∃k ∈ C(g = hk)↔ h ∈ C ∧ ∃k ∈ C(h= gk−1)↔ h ∈ Sg
(the last step since C= C−1). Since C is comeagre, so is gC, and hence Sg . 
Case 1: Elements of C are ﬁxed-point-free. In this case, there is a positive integer t such
that for each g ∈ C, there is a unique line (ai : i ∈ Z), denoted g , such that aig= ai+t for
all i ∈ Z. Fix such g, g . As there is no epimorphism G→ Z, G does not stabilise g .
Claim 2. Let h ∈ Sg . Then h ∩ g = ∅.
Proof. Suppose h∩g=∅.Ash ∈ Sg , there is k ∈ C such thathk=g. Let d(g, h)=r . Put
h := (bi : i ∈ Z). Relabelling if necessary, we may suppose there are ci (for 1 ir−1)
and a path a0, c1, . . . , cr−1, b0. Put f := gh, so that gh = f . Let f := (a′i : i ∈ Z),
where aih = a′i . Now there is a path a′0, c′1, . . . , c′r−1, bt , with c′i = cih. In particular,
d(g, f )= 2r + t = 2d(g, h)+ t . Since f k = g, we have f k = g .
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Suppose ﬁrst that k ∩ f =∅, and let s := d(f , k) (so s > 0). Then by the argument of
the last paragraph, d(f , g)= 2d(f , k)+ t = 2s + t . It follows that s = r and that k is
a line through bt , . . . , b0 which does not contain c′r−1 or cr−1, with btk= b0. In particular,
a′0k = a0, so hk ﬁxes a0, contrary to the assumption hk = g.
Thus, there is a′i ∈ k ∩ f . But now, since f k = g , a′ik ∈ g , which is impossible as
d(a′i , a′ik)= t and d(f , g)= t + 2r > t . This proves the claim. 
Since Sg is comeagre, it follows from Claim 2 that {y ∈ C : y ∩ g = ∅} is comeagre.
Since a ﬁnite intersection of comeagre sets is comeagre, it follows that if x1, . . . , xn ∈ C
then {y ∈ C : y ∩ xi = ∅ for each i = 1, . . . , n} is comeagre.
Suppose next that h ∈ C and h ∩ g is a ﬁnite non-empty set, say {a1, . . . , ar} (without
loss of generality). Choose s ∈ N with st > r . Put h′ := g−shgs , h′′ := g−2shg2s , and
f := (h′)−sg(h′)s . Then h, f, h′′ ∈ C, but it is easy to check that no line intersects each of
h, f , h′′ , contrary to the last paragraph.
We have shown that
{y ∈ C : y ∩ g contains a half-line of g}
is comeagre. Furthermore, there cannot be h1, h2 ∈ C such that g ∩ h1 , g ∩ h2 are half-
lines in distinct ends of T, for otherwise there would be s ∈ Z such that if h3 := g−sh1gs
then h3 ∩ h2 is ﬁnite and non-empty, contrary to the last paragraph. It follows that a
comeagre subset of G stabilises an end (one of the two ends of g), so as G has no proper
comeagre subgroup, G stabilises this end. We shall suppose that the stabilised end is that
of the half-line (ai : i < 0) (the argument when G stabilises the end of (ai : i > 0) is the
same).
Let h ∈ Sg , and let k ∈ C with g = hk. For sufﬁciently small i, we have aih, aik ∈
{ai−t , ai+t }. It follows that aihk ∈ {ai−2t , ai, ai+2t }, contrary to the fact that aig = ai+t .
Case 2: Each h ∈ C has a non-empty set Fh of ﬁxed vertices. Now pick g ∈ G which
is ﬁxed-point-free, so that it acts as a translation on some line g := (ai : i ∈ Z), with
aig = ai+t for all i. By Claim 1, the set Sg := {h ∈ C : (∃k ∈ C)(g = hk)} is comeagre.
Claim 3. Let h ∈ Sg . Then Fh ∩ g = ∅.
Proof. Suppose for a contradiction thatFh∩g=∅, with r := d(Fh, g), so r > 0. SinceFh
is a subtree of T, there is a unique b ∈ Fh and unique ai , say a0, such that r = d(a0, b). Let
a0, c1, . . . , cr−1, b be the path from a0 to b. Let a′i := aih, and gh=h−1gh=(a′i : i ∈ Z).
Since d(a0, ci)< r for each i=1, . . . , r−1, ci /∈Fh, so c′i := cih = ci , and d(a0, a′0)=2r ,
with a path between them through b.
As h ∈ Sg , there is k ∈ C with g = hk, so (gh)k = g . As g ∩ gh = ∅ and b is
the midpoint of the geodesic from gh to g , the argument of the last paragraph shows
that b ∈ Fk and furthermore that r = d(gh, Fk) = d(g, Fk). It follows that a′0k = a0,
contradicting the fact that g = hk acts as a non-trivial translation along g . 
Claim 4. Let h ∈ Sg . Then |Fh ∩ g| = 1.
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Proof. Let k ∈ C satisfy g = hk. Then g−1 = k−1h−1, so k−1 ∈ Sg−1 . By Claim 3,
as g−1 = g we have Fk−1 ∩ g = ∅, so Fk ∩ g = ∅. Let as ∈ Fk ∩ g . Then
as−t g = as , so as−t h = as , which clearly implies |Fh ∩ g|< 2. Hence, by Claim 3,
|Fh ∩ g| = 1. 
By Claim 4, we may suppose g ∩Fh = {a0}. It follows that one of the following holds:
(i) g ∩ gh= {a0};
(ii) a−1h= a1;
(iii) a1h= a−1.
We call (i) above a swivel, and (ii) and (iii) ﬂips; so formally, if  is a line and x ∈ G,
then x induces a swivel on  if for some b ∈ , Fx ∩  =  ∩ x = {b}, and x induces
a ﬂip on  if |Fx ∩ | = 1 but | ∩ x|> 1. We have shown that for every ﬁxed-point-
free z ∈ G, a comeagre subset of C induces a ﬂip or swivel on z. It follows that for
any ﬁnite set {z1, . . . , zn} of ﬁxed-point-free elements on G, a comeagre subset of C
induces a ﬂip or swivel on each zi . Thus, we only need to ﬁnd a conﬁguration of the
form z1 , . . . , zn such that there is no element of C which induces a ﬂip or swivel on
each zi .
Claim 5. Suppose 1, 2, 3 are lines with 1 ∩ 2, 1 ∩ 3 non-empty but 2 ∩ 3=∅, and
let x ∈ G. Then for some i ∈ {1, 2, 3}, x does not induce a ﬂip or swivel on i .
Proof. Suppose that x ∈ G induces a ﬂip or swivel on 1 and Fx ∩ 1 = {b}. Then for any
line m such that b /∈m and 1 ∩m = ∅, m ∩mx = ∅. So as 2 ∩ 3 = ∅, there is i ∈ {2, 3}
such that b /∈ i , and hence i ∩ ix = ∅, and x cannot induce a ﬂip or swivel on i . 
We ﬁrst eliminate swivels. So suppose that (i) above holds, and h induces a swivel on g .
Let f := h−1gh, so f = gh. Now by Claim 5, no element ofG can induce a ﬂip or swivel
on each of g, f , f−1gf = gf , which is a contradiction.
We have shown that for any ﬁxed-point-free z, each element of Sz induces a ﬂip on z. In
particular, h induces a ﬂip on g , say of type (ii) above (the same argument will eliminate
type (iii), with g replaced by g−1). Let f := h−1gh. If f ∩ g is ﬁnite, then there is s such
that if f ′ := g−sfgs , then f ∩ f ′ = ∅. Now g meets both f and f ′ but f ∩ f ′ = ∅,
so by Claim 5 no element of G can induce a ﬂip or swivel on each of f , f ′ and g , a
contradiction. Also, we may choose h ∈ Sg above so that f = gh = g: for otherwise, a
comeagre subset ofG ﬁxes g , soG ﬁxes g , which is impossible as there is no epimorphism
G→ Z. Thus, we may suppose that there is r so that either (a) g ∩ f = {ai : ir} or (b)
g ∩ f = {ai : i − r}.
In case (a), let f ′ := g−1fg, and put 1 := g, 2 := f , 3 := f ′ . It sufﬁces to show
there is no x ∈ C which induces a ﬂip on each of 1, 2, 3. So suppose there is such
x. Observe that for sufﬁciently small i ∈ Z, Ai := {aj : j < i} is a half-line of each of
1, 2, 3. Since x induces a ﬂip on 1 = g , we can choose i ∈ Z sufﬁciently small that
Ai ∩ Aix = ∅, and so that Aix is disjoint from two elements j , k from {1, 2, 3}. As x
induces a ﬂip on j and k with j ∩ jx and k ∩ kx both inﬁnite, there are half-lines of
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j and k which are disjoint from each other and both map under x into Ai . This is clearly
impossible. A similar argument applies in case (b). 
3. Further observations
We give a little more background on generics in closed permutation groups of countable
degree. These have been considered mostly for automorphism groups of -categorical
structures, that is, countably inﬁnite ﬁrst-order structures determined up to isomorphism by
their cardinality and ﬁrst-order theory. This is the intended context of Theorem 1.1. By the
Ryll–Nardzewski Theorem [16] a countably inﬁnite structureM is-categorical if and only
if its automorphism group is oligomorphic, that is, has ﬁnitely many orbits on the set Mk
of k-tuples for all k. It is easy to see that any homogeneous structure over a ﬁnite relational
language has an oligomorphic automorphism group, so is -categorical; but there are -
categorical structures which cannot be regarded as homogeneous over a ﬁnite relational
language, even if we add relation symbols for certain orbits on tuples (an example is an
inﬁnite dimensional vector space over a ﬁnite ﬁeld).
Truss [19] gave a sufﬁcient condition for the existence of generics for homogeneous
relational structures—essentially, it is sufﬁcient to ﬁnd a coﬁnal collection of partial au-
tomorphisms closed under conjugacy and with the amalgamation property and the joint
embedding property. This has been used in [19] to build generic automorphisms of the
random graph and of (Q, <), and in [14] to build a generic automorphism of the univer-
sal homogeneous partial order. Ivanov (Theorem 1.3 of [12]), extended the theorem of
Truss, and found a necessary and sufﬁcient condition for the existence of generics in the
automorphism group of an -categorical structure.
For many -categorical structures M, there is a proper normal subgroup of ﬁnite index
in Aut(M), and in such cases Aut(M)will not have a generic.An example is (Q, B), where
B is the ternary betweenness relation induced from the total order on Q. In such cases, we
can still hope that Aut(M) has local generics, that is, that some open subgroup of Aut(M)
has a comeagre conjugacy class (this deﬁnition applies to all Polish groups). For another
kind of example of this phenomenon, consider the structure (Q,K), where K is the natural
ternary circular order on Q. Here, the automorphism group is simple, has no generic, but
has a local generic, as any point stabiliser has a generic.
It was shown in [11] that all automorphism groups of -categorical -stable structures
have local generics; indeed, in a sense, they have arbitrarily long locally generic sequences
of automorphisms. The methods of [11] have been extended in [7–9] to obtain locally
generic sequences for many other structures. The intended application here is to prove that
certain -categorical structures have the small index property; that is, that every subgroup
of the automorphism group of index less than 2ℵ0 is open. There is a well-known example
of Cherlin and Hrushovski, greatly developed in [3], of an -categorical structure whose
automorphism group has 22 normal subgroups of index 2. It does not have the small index
property, and it can be checked that every open subgroup has a normal subgroup of index
two, so its automorphism group cannot have local generics.
Theorem 1.1 applies also to the situation with local generics, under the extra assumption
that G is the automorphism group of an -categorical structure.
D. Macpherson, S. Thomas / Discrete Mathematics 291 (2005) 135–142 141
Theorem 3.1. Let M be an -categorical structure and suppose that G = Aut(M) has a
local generic.
(i) Suppose thatG acts without inversions on a tree T . Then for all g ∈ G, there is v ∈ T
with vg = v.
(ii) G cannot be written non-trivially as a free product with amalgamation.
Proof. It sufﬁces to prove (i), as (ii) follows as in the proof of Corollary 1.2. So let H be
an open subgroup of G with a generic. By Theorem 1.1, every element of H ﬁxes a vertex
of T. By Theorem 29 in Chapter 8 of Cohen [2] (implicit also in Chapter 6 of [18]), one of
the following holds:
(a) there is a vertex v ∈ T ﬁxed by H;
(b) there is a half-line (ai : i ∈ ) such that for all i ∈ ,HaiHai+1 , andH =
⋃
j∈Hj .
Suppose ﬁrst that (a) holds, and let X := {vg : g ∈ G}. Since H is an open subgroup
of G, it follows that G acts oligomorphically by right multiplication on the set of right
cosets of H. As HGv , G also acts oligomorphically on the right cosets of Gv , so G acts
oligomorphically on X. In particular, G has ﬁnitely many orbits on pairs of elements of X,
and so there is a ﬁnite upper bound on the set {d(x, y) : x, y ∈ X}. Hence, by Proposition
19 of [18], there is a single vertex ﬁxed by G.
Thus, we can suppose that (b) holds, so in particular H ﬁxes an end e of T. Let E :=
{eg : g ∈ G}. As in the last paragraph, G acts oligomorphically on E. Note that any two
ends e1, e2 of T uniquely determine a line  = (e1, e2) of T; and any three ends e1, e2, e3
uniquely determine a vertex of T, the point of intersection of the lines (e1, e2), (e1, e3) and
(e2, e3). Thus, if |E|3 then G acts oligomorphically on some orbit of vertices, so as in
the last paragraph, G has a ﬁxed vertex.
Suppose |E| = 1, so E = {e}. We may suppose G contains a ﬁxed-point-free element x,
since otherwise (i) holds, and clearly x will be a translation along a line  one of whose
ends is e. We may suppose  = (ai : i ∈ Z), and that for some t ∈ , aix = ai+t
for all i ∈ Z. Now let i, j ∈  with 0< i < j . Then if h ∈ H , for sufﬁciently large
k ∈ , akxihx−j = ak+t (i−j) = ak , so xihx−j /∈H . It follows that all cosets Hxi (for
i ∈ ) are in distinct H-orbits under right multiplication. This is impossible, for as G acts
oligomorphically onM and H is open in G, H acts oligomophically onM, and hence H acts
oligomorphically on the right cosets of H in G.
Finally, suppose |E| = 2. Then G ﬁxes a line , and we may suppose that G contains a
non-trivial translation x along  (otherwise the conclusion of (i) holds). The argument of
the last paragraph eliminates this case too. 
Recall from [18] that a group G is said to have property (FA) if, whenever G acts without
inversion on a tree T, there is a vertex v ∈ T such that vg = v for all g ∈ G. It is shown in
[18] that G has property (FA) if and only if all the following three conditions holds:
(i) G is not a non-trivial free product with amalgamation;
(ii) Z is not a homomorphic image of G;
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(iii) if G is not ﬁnitely generated, then G cannot be expressed as the union of a countable
chain of proper subgroups.
The methods of this paper yield that many groups have property (FA). For as noted at the
beginning of the proof of Theorem 1.1, if G is a Polish group with a generic then (ii) holds,
as well as (i). Property (iii) holds for the automorphism groups of structures treated by the
methods of [11] (Theorem 6.1 of [11]), as well as for Aut(Q, <) (see Gourion [6]).
Our ﬁnal remark was suggested by the referee. In Theorem 1.1, we do not require that
G is a Polish group with a comeagre conjugacy class; merely that G has a conjugacy class
C such that C = C−1 and for any g1, . . . , gn ∈ G, C ∩ g1C ∩ · · · ∩ gnC = ∅. Again, we
ﬁnd that there is no line  which is G-invariant, though by a different argument. Indeed,
otherwise, any two elements of C would act as translations along = (ai : i ∈ Z) with a
ﬁxed period t (i.e. aig = ai+t for g ∈ C). This is impossible, for if g ∈ C and h ∈ C∩ gC,
then h = gk for some k ∈ C, so h has period 2t , a contradiction. Likewise, Theorem 3.1
holds if we just assume H has such a conjugacy class.
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